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ABSTRACT

Gandin and Murphy introduced an “‘equitable skill score” for use in evaluating categorical forecasts. For
forecasts involving more than two categories, the elements of the scoring matrix are not defined uniquely. In
this note, a specific formula for the general multiple-category scoring matrix is presented and proven to satisfy
the necessary conditions for “‘equitability.” It is shown that, while it is not the only possible scoring matrix
satisfying these necessary conditions, it is compatible with a logical condensation of the general K-category
problem into a set of K — 1 two-category problems. Each of the two-category problems is associated with one
of the K — 1 partitions defining the categories of the original problem.

1. Introduction

In their recent paper, Gandin and Murphy (1992)
defined an “equitable” scoring matrix S for use in the
verification of categorical forecasts. The rank of the
scoring matrix equals the number of classes used in
the categorization of the event being forecast. The ele-
ments of S are solely dependent on the marginal prob-
abilities of occurrence of each category, or class. When
attention is focused exclusively on the accuracy of the
forecasts, rather than their utility for some specific ap-
plication, the scoring matrix is symmetric.

Define a matrix E (contingency table) such that its
element e(i, j) is the relative frequency with which an
observation falls in class i when the forecast predicted
class j. In terms of E and 8, Gandin and Murphy’s
“equitable” skill score ESS is defined as the trace of
the matrix product of S transpose and E.

The number of criteria for the “equitability” of the
score ESS depends upon the rank of E (i.e., the number
of classes into which the event is categorized). For a
K-class problem there are K + | criteria; namely, ESS
must vanish for each of the K forecasting strategies that
always predicts just one of the classes to occur, and
ESS must equal unity for a perfect forecast. This set
of criteria also implies that any forecast produced ran-
domly will receive an equitable skill score of zero.

Using the K + 1 criteria, K + 1 of the K(K + 1)/2
distinct elements of the scoring matrix § may be de-
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termined. This leaves open the specification of the re-
maining (K + 1)(K — 2)/2 elements. Gandin and
Murphy present an analysis of the constraints that re-
strict the choice of these remaining elements of the
scoring matrix.

It is the purpose of this note to draw attention to a
closed formula for the elements of S, which depends
solely on the marginal probabilities giving the fre-
quency of the occurrence of each of the K categories.
The formula provides a scoring matrix that satisfies the
“equitability” criteria and is free of ambiguity. A second
objective is to demonstrate that the “equitable” score
provided by the cited formula may also be computed
as the arithmetic mean of K — 1 “equitable” scores,
each of which applies to a two-class problem formu-
lated in terms of the K — 1 thresholds partitioning the
K classes of the original problem.

2. Closed formula for K-class equitable score

Let P(r) be the relative frequency with which class
r of the event is observed in a (large) sample of fore-
casts. Based on P(r) define the following:
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Observe that D(#n) is the ratio of the probability that
an observation falls into a class with index greater than






